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We study the theory of intrinsic photoluminescence of two-dimensional electron systems in the 
vicinity of the v — 1 quantum Hall state. We focus predominantly on the recombination of a band of 
initial "excitonic states" that are the low- lying energy states of our model at v = 1. It is shown that 
the recombination of excitonic states can account for recent observations of the polarization-resolved 
spectra of a high-mobility GaAs quantum well. The asymmetric broadening of the spectral line in 
the er_ polarization is explained to be the result of the "shake-up" of spin-waves upon radiative 
recombination of excitonic states. We derive line shapes for the recombination of excitonic states 
in the presence of long-range disorder that compare favourably with the experimental observations. 
We also discuss the stabilities and recombination spectra of other ( "charged" ) initial states of our 
model. An additional high-energy line observed in experiment is shown to be consistent with the 
recombination of a positively-charged state. The recombination spectrum of a negatively-charged 
initial state, predicted by our model but not observed in the present experiments, is shown to provide 
a direct measure of the formation energy of the smallest "charged spin-texture" of the v = 1 state. 

PACS numbers: 73.20.Dx, 71.35.-y, 75.30.Ds 
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I. INTRODUCTION 

Continuing improvements in the quality of quantum- 
well devices are leading to increasing resolution of the 
intrinsic photoluminescence spectra of two-dimensional 
electron systems in the extreme quantum regime. It 
is now well-established that features in the photolumi- 
nescence spectra are related to the appearance of the 
integer and fractional quantum Hall states and the in- 
sulating phase associated with the magnetically-induced 
Wigner crystal JlpQ. The possibility of extracting in- 
formation on the properties of these strongly-correlated 
phases from the photoluminescence spectra has stimu- 
lated a great deal of recent experimental and theoretical 
interest in this technique. 

The interpretation of photoluminescence spectra re- 
quires an understanding of the energy eigenstates of a 
valence-band hole in the presence of the electron gas. 
Due to the strong many-body interactions that are im- 
portant in the extreme quantum regime of these systems, 
this presents an essentially strongly-coupled many-body 
problem and the interpretation of spectral structure is 
extremely difficult. The theories that have been devel- 
oped to address this issue fall into two broad categories. 
Certain theories treat the inter-particle correlations ap- 
proximately through the use of some form of mean-held 
description of the interactions Such an approach 

has been shown to successfully account for oscillations in 
the mean position of the luminescence line in the integer 
quantum Hall regime of disordered samples || . The frac- 
tional quantum Hall and Wigner crystal regimes cannot 
be described within such a mean-held approach. To treat 
these cases, other theories have been developed which 



attempt to treat the inter-particle correlations more ac- 
curately fls|-|l6||. In these theories, a simplified model is 
usually adopted in which the electrons and photo-excited 
hole are restricted to states in the lowest Landau level. 
For the most part, the resulting many-body problem has 
been treated by numerical diagonalization of small sys- 
tems though some approximate analytic treat- 
ments have been proposed in the fractional quantum Hall 
|p^ , ^5| and Wigner crystal regimes. Despite the great 
deal of theoretical effort, the comparison between the the- 
oretical and experimental photoluminescence spectra of 
high-mobility samples is still rather unsatisfactory, with 
even qualitative features of the observed spectra still not 
convincingly accounted for. (We note that "acceptor- 
bound photoluminescence" spectra are somewhat bet- 
ter understood [ |l7[|i"8| ]. This experimental technique is 
quite different from intrinsic photoluminescence which we 
study here.) 

It is the purpose of this paper to show that the intrin- 
sic photoluminescence spectra of two-dimensional sys- 
tems close to the integer filling fraction v — 1 contain 
interesting and non-trivial structure (the filling fraction 
is defined by v = nh/eB, where n is the electron density 
and eB/h the density of flux quanta). From a theoreti- 
cal point of view, this is a much simpler filling fraction 
to study than the fractional quantum Hall and Wigner 
crystal regimes, yet still poses a non-trivial problem due 
to the importance of strong correlations in determining 
the low-energy excitations at this filling fraction. 

In recent photoluminescence experiments on a very 
high-mobility GaAs quantum well, extremely narrow line 
widths have been achieved and v ery interesting low- 
energy structure has been resolved 19 1. It is found that 
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as the filling fraction of the sample is swept through 
v = 1, the photoluminescence spectrum displays very 
intriguing behaviour. The evolution of the spectrum is 
quite different in the two circular polarizations, which 
originate from the recombination of a hole with electrons 
of the two spin-polarizations, as illustrated in Fig. 0(a). 
In one polarization (<r+), no significant features are ob- 
served in the spectrum at v = 1 ; the integrated intensity 
shows a weak minimum, but the line shape is almost un- 
changed. In the other polarization (<x_), a much more 
dramatic evolution is observed: the integrated intensity 
also decreases slightly, but, at the same time, the main 
spectral line becomes strongly broadened on the low- 
energy side; at the lowest temperatures, an additional 
high-energy peak appears. Figure 1(b) shows the spec- 
tra observed in the experiments reported in Ref. J19| at 
the filling fraction v = 1 for both circular polarizations; 
the additional high-energy peak is labelled the "B-peak" . 
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FIG. 1. (a) Schematic diagram of the low-energy interband 
transitions in a GaAs quantum well. The recombination of 
electrons of the two spin orientations of the lowest Landau 
level gives rise to the two different circular polarizations, (b) 
Low-temperature photoluminescence spectra of a GaAs quan- 
tum well at v = 1, from the experiments reported in Ref. Jl9| . 
In the a+ circular polarization, a narrow line is observed with 
a line shape similar to that observed away from v = 1. In 
the er_ circular polarization, the spectrum acquires a strong 
low-energy broadening as compared to the spectra away from 
v = 1; an additional high-energy peak (peak B) appears at 
low temperatures. Energies are measured relative to the en- 
ergies at which the intensities are maximal. 

These observations cannot be accounted for within the 
existing "mean-field" theories of photoluminescence in 



the integer quantum Hall regime J3-fl]. In the first place, 
these theories treat the spin-degree of freedom of the elec- 
trons in such a way that no polarization-dependent effects 
can appear. Moreover, strong correlations are likely to be 
important in determining the structure observed in pho- 
toluminescence at v = 1, since it is now clear that the 
properties of typical GaAs systems at this filling frac- 
tion are dominated by interactions, the single particle 
gap (the bare electron Zeeman energy) being very much 
smaller than the interaction energy scale. In fact, as sug- 
gested in Ref. Q, the v = 1 state is better viewed as 
a strongly-correlated state similar to the incompressible 
states at fractional filling fraction, since, even for a van- 
ishing single-particle gap, a quantized Hall effect would 
appear at v = 1 as a result of the electron-electron re- 
pulsion. This state has received a great deal of recent 
theoretical |20| - [2^1 and experimental interest (23 - 25 1 , in 
an effort to understand the effects of the electron spin 
on the properties of the low-energy excitations. In this 
light, it is of particular interest to understand the origin 
of the structure appearing in the above photolumines- 
cence spectra, since this technique separately probes the 
two spin states of the electrons. 

Motivated by these experiments, we study the the- 
ory of the intrinsic photoluminescence of two-dimensional 
electron systems at filling fractions close to v = 1. We 
will follow the models used in the fractional quantum 
Hall and Wigner crystal regimes and neglect Landau level 
mixing for the electrons, but will take full account of the 
inter-particle correlations. The model that one obtains 
within this approximation is much simpler to analyse at 
v = 1 than in either of these other two regimes. There- 
fore, at the very least, the study of this model at v = 1 
is the most natural way in which to test the applica- 
bility of the underlying assumptions of the theories for 
photoluminescence in the fractional quantum Hall and 
Wigner crystal regimes. Moreover, as we shall see, the 
photoluminescence spectrum at v = 1 retains non-trivial 
structure related to the low-energy excitations of this 
state and is therefore of great interest in itself. A sim- 
ilar approach to photoluminescence at v = 1 has been 
discussed in Ref. This work did not address the 

polarization-dependence of the photoluminescence spec- 
trum. We study these issues in some detail, and com- 
pare our predictions with the experimental observations 
described above. We show that one can account for all 
of the qualitative features observed in the experiment. 

The outline of the paper is as follows. In Sec. [n] we 
motivate the model that we will study, and discuss its re- 
lationship with other models of ph otol uminescence in the 
extreme quantum regime. In Sec. 
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we study the pre- 
dictions of this model at a filling fraction of exactly v = 1 . 
We argue that for the sample studied in Ref. Q, and 
for all samples in which the valence-band hole is close to 
the electron gas compared to the typical electron-electron 
spacing, the most important initial states are "excitonic 
states" (as we choose to name them). These are states 
in which the Landau level of spin-f electrons is fully oc- 
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cupied, and the valence-band hole binds with a spin-| 
electron to form an exciton. In the remainder of this sec- 
tion we study the photoluminescence spectrum arising 
from the recombination of these excitonic states. This is 
the main part of the paper, and contains our most im- 
portant conclusions with regard to the experimental ob- 
servations. The radiative recombination of the excitonic 
states is shown to be quite different in the two circular po- 
larizations. In the cr_|_ polarization, the hole recombines 
with the spin- J, electron to which it is bound, leaving an 
undisturbed Landau level of spin-f electrons. In the cr_ 
polarization, the hole recombines with one of the spin- 
| electrons, and a single spin-reversal is left in the final 
state. The photoluminescence spectrum in this polariza- 
tion becomes broadened to low energy due to the "shake- 
up" of these spin-waves. We argue that the polarization- 
dependence of the main recombination line in the spectra 
of Fig. |l|(b) can be accounted for in terms of the recom- 
bination of excitonic states: the recombination line in 
the cr_ polarization is broadened to low energy due to 
the shake-up of spin-waves, while the line in the er+ po- 
larization remains narrow (with a width limited only by 
disorder). We derive the line shapes for a disorder- free 
system as a function of the separation between valence- 
band hole and electron gas and the extent of Landau 
level mixing for the hole. We show that disorder arising 
from the remote ionized donor impurities is likely to have 
an important effect on the width of this line, and derive 
line shapes for the recombination in the two polarizations 
taking account of this disorder. The line shapes compare 
favourably with the experimental observations shown in 
Fig. 0(b). 

In Sec. |fv|, we turn our attention to quite different 
initial states, in which the valence-band hole forms a 
positively-charged or negatively-charged complex. These 
states can have lower energies than the excitonic states 
if the filling fraction is slightly less than or greater than 
v = 1 (when some quasiparticles are present), and can 
then be important for photoluminescence. We show that 
the high-energy line (peak B) in Fig. |l|(b) is consistent 
with the recombination of a positively-charged initial 
state in which there are no spin-| electrons in the vicinity 
of the hole. In this case, our calculations include correc- 
tions arising from Landau level mixing for the electrons. 
These are shown to change the position of this recombi- 
nation line relative to that of the excitonic states. The 
recombination spectrum of a negatively-charged initial 
state is shown, from numerical studies, to contain struc- 
ture that measures the formation energy of the smallest 
"charged spin-texture" ||(]-|22| of the v = 1 state. There 
is no clear evidence for this initial state in the present 
experiments. We discuss the type of sample and the con- 
ditions under which this initial state might be more stable 
and its recombination could be observed. Finally, Sec. |v| 
contains a summary of the main points of the paper. 



II. DESCRIPTION OF THE MODEL 

We aim to develop a theory that can account for the 
photoluminescence of high-mobility quantum wells in the 
vicinity of v = 1. In the experiments of Ref. |19[|, and 
in experiments on similar GaAs quantum wells B, re- 
combination is observed between the two lowest-energy 
electron states (the two spin-polarizations of the lowest 
Landau level of the lowest subband state), and the two 
lowest-energy hole states. These two hole states origi- 
nate from the heavy-hole states of the valence band, but 
are strongly mixed with the light-hole states due to the 
quantum well confinement [ B7J . Typically, sufficiently 
low excitation powers are used that the density of holes 
is extremely small (compared to the density of electrons) 
and they may be considered to be independent. 

To represent these systems, we will study a model in 
which the electrons are confined to a single subband and 
carry a spin of 1/2, and there is a sin gle hole, which may 
be in one of the two states (ff or JJ-) |2q| . Since we con- 
sider the recombination of a single photo-excited hole, 
the "spin" label of the hole will play no role other than 
to define the polarization in which the hole can recom- 
bine [see Fig. 0(a)]. We will therefore ignore this label, 
and leave it to be understood that when we discuss a re- 
combination process with a spin-| (spin-|) electron the 
hole must be in the spin-fl" (spin--^) state. 

For the most part, we will assume that following photo- 
excitation the system is able to relax to thermal equilib- 
rium before the hole recombines. In this case, one can un- 
derstand the photoluminescence spectrum by identifying 
the low-lying energy eigenstates of a single photo-excited 
hole in the presence of the electron gas, and studying the 
processes by which these states can decay radiatively. 
The rate of each interband transition is determined by 
the matrix element of the electric dipole operator be- 
tween the initial and final states. Within the effective 
mass approximation, this is proportional to the matrix 
element of one of the operators 

L-= I d 2 rV> eT (r)VM(r), (1) 

l+ = J rf^iiW^W, (2) 

between the in-plane envelope functions of the initial and 
final states, 4>(e,h)a{ r ) being the electron and hole field 
annihilation operators. The absolute transition rate de- 
pends on the overlap of the electron and hole subband 
wavef unctions, and on the form of the electron and hole 
wavefunctions on an atomic scale, which may differ for 
the two polarizations. We will study only the contribu- 
tions arising from the matrix elements of L± , which are 
sufficient to determine the line shapes in the two polar- 
izations. 

Due to the importance of many-body interactions in 
the quantized Hall regime of these systems, to make 
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progress one must restrict attention to a somewhat sim- 
plified model of the initial and final states of the photo- 
luminescence process. A natural model to study which 
retains the effects of many-body correlations is one in 
which the electrons and the hole are restricted to the low- 
est Landau level and move in a single plane. Such a model 
is motivated by the success of similar approximations in 
accounting for the qualitative and quantitative proper- 
ties of the v = 1 state and the incompressible states at 
fractional filling fractions [p9| . However, various authors 
p0| p2| , 13p|] have shown that for spin-polarized electrons 
and holes restricted to a single Landau level and with the 
same quantum well envelope functions, a "hidden sym- 
metry" leads to the result that photoluminescence con- 
tains no spectroscopic structure: the spectrum consists of 
a single line at an energy that is independent of the state, 
or even the presence, of the electron gas. In the present 
case, the electrons are not spin-polarized. However, it is 
straightforward to show that a similar symmetry applies 
for an arbitrary number of spin components for electrons 
and holes, provided the interactions conserve the spin of 
each particle: the spectrum consists of a series of sharp 
lines, at energies which are independent of the state or 
presence of the electron gas (these are therefore the en- 
ergies of each allowed interband transition for an empty 
quantum well). 

In order to obtain a non-trivial photoluminescence 
spectrum, it is essential to study a model that breaks 
this symmetry. There are two clear mechanisms by which 
this occurs in practice. Firstly, through Landau level cou- 
pling for the electrons or hole; in GaAs quantum wells, 
this is likely to be more important for the hole than for 
the electrons due to the much smaller cyclotron energy 
of the valence band compared to that of the conduction 
band. Secondly, due to the asymmetry of the single-side- 
doped quantum wells and single hcterojunctions used in 
the experiments, the electrons and holes do not move in 
the same plane; the hole is pulled somewhat away from 
the electron layer J3j|. Note that the presence of a dis- 
ordered potential does not break the symmetry, and one 
of the above two mechanisms must be introduced. 

It is common in theories of photoluminescence in the 
fractional quantum Hall regime to retain Landau quan- 
tization for both electrons and holes and to break the 
"hidden symmetry" by introducing a separation d be- 
tween the planes in which the electrons and hole move 
PiPl- I n our work, we will restrict the electrons to states 
in the lowest Landau level, and will also assume that the 
electrons and the hole are confined to planes that are sep- 
arated by a distance d. We will not, however, impose the 
restriction that the hole is in the lowest Landau level. We 
take account of Landau level mixing for the valence-band 
hole by assuming its in-plane dispersion to be parabolic 
with an effective mass mh- Thus we retain two mecha- 
nisms by which the hidden symmetry is broken. We will 
discuss how the photoluminescence spectrum depends on 
the parameters, d and nih- For quantitative comparisons 
of our theory with the experimental observations repro- 



duced in Fig. 0(b), we will choose d to be the separation 
between the centres of the electron and hole subband 
wavefunctions in the quantum well used in these experi- 
ments, which is approximately 60A and is therefore 
small compared to the magnetic length £ — 1 30A u nder 
these conditions (the magnetic length, £ = y/h/eB, is a 
measure of the size of a single-particle state in the lowest 
Landau level and is therefore a fundamental lengthscale 
in our model). In the absence of detailed knowledge of 
the valence band dispersion, which depends strongly on 
the shape of the quantum well |35|, we will choose the 
value rrih = 0.34too for both hole states; this is typi- 
cal of the masses measured in experiment and is the 
value used in theoretical studies of related problems Q . 
Thus, under these conditions the ratio of the cyclotron 
energy of the hole, hujh = heB/rrih, to the typical in- 
teraction energy scale, e 2 /47reeo^, is rather small, 0.15 
(using e = 12.53 for GaAs), and one can expect Landau 
level mixing for the hole to be quantitatively important. 
Indeed, we will show that it is the finite mass of the hole 
that provides the more important mechanism by which 
the "hidden symmetry" is broken in the photolumines- 
cence spectrum. 

The neglect of Landau level mixing for the electrons 
is the principal assumption of our work and leads to the 
key simplifications. It allows explicit knowledge of the 
groundstate of the system at v = 1: a filled Landau 
level of spin-f electrons 20 . Moreover, we shall always 



consider interactions which preserve the electron spin. 
Therefore, prior to recombination of the valence-band 
hole, the system may be characterized by the number of 
spin- J. electrons and the number of missing spin-| elec- 
trons in the otherwise filled lowest Landau level ("spin- 
holes" ) . Through the use of this particle- hole transforma- 
tion, the initial states may described by the interaction 
of the hole with (spin- J, ) electrons and spin-holes, both 
restricted to states in the lowest Landau level. For fill- 
ing fractions close to v = 1, and for states which do not 
involve a large degree of spin-depolarization, relatively 
few of these particles are present, and the calculation of 
the energy eigenstates poses a few-body problem. The 
majority of our work will address the properties of the 
system in which there are only two such particles; our 
results in this case are based on analytical treatments. 
We will also present results of numerical studies for sys- 
tems with larger numbers of particles. We work in the 
spherical geometry |5?],[38| and introduce the separation 
d between the electrons and hole in the same way as was 
done in Ref. For all of the calculations that we re- 
port, the system size is sufficiently large that finite-size 
effects arc well-controlled. 

Although the neglect of Landau level mixing is not 
likely to be quantitatively accurate at weak fields, when 
the typical interaction energy can be larger than the elec- 
tron cyclotron energy, we hope th at it does give the cor- 
rect qualitative picture. In Sec. IIIF, we will indicate 



the extent to which one can trust the qualitative features 
of a model neglecting Landau level mixing for the clcc- 
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trons, and in Sec. EVA will calculate some quantitative 



corrections arising from this mixing. 



III. EXCITONIC STATES 

In this section we will consider the introduction of an 
electron- hole pair to the groundstate at v = 1. We will 
show that, provided that the distance d of the hole from 
the electron gas is not too large, the low-energy states 
may be described by a band of "excitonic states" , defined 
below. We will further show that the recombination of 
these excitonic states can account for the main feature 
of the spectra presented in Fig. |l|(b): a sharp recombi- 
nation line in the a+ polarization and an asymmetrically 
broadened line in cr_. We will develop models for the 
line shapes in the two polarizations; first for a system 
with no disorder, and then taking account of the long- 
range disorder arising from remote ionized donors. We 
will compare the predictions of these models with the 
experimental observations. 



A. Definition of the Excitonic States 

As we have explained above, the principal assumption 
throughout our discussion is that the electrons are con- 
fined to the lowest Landau level. In this case, the ground- 
state of the system at v = 1 prior to photo-excitation is 
the state 



e mT |vac; 



(3) 



in which the electrons fill all the spin-| states in the low- 
est Landau level and all spin-| states are unoccupied. 
In the above expression, |vac) is the vacuum state with 
a filled valence band and empty conduction band, and 
e\ na is the operator which creates a spin-er electron in 
a single particle state in the lowest Landau level. The 
quantum number m is any internal quantum number 
that runs over all degenerate states in the lowest Landau 
level. This state is clearly the absolute groundstate if the 
bare electron Zeeman energy, Z , is large compared to the 
typical interaction energy, set by e 2 /4ireeo£. Due to the 
spontaneous ferromagnetism which appears for repulsive 
electron-electron interactions, it is also the groundstate 
in the limit Z -> @. 

We now consider the introduction of an additional 
electron-hole pair to the system. The properties of the 
low-energy states depend on all of the model parameters: 
d/£ and the ratios of the cyclotron energy of the hole, 
hbJht and the electron Zeeman energy, Z , to the typical in- 
teraction energy scale e 2 /47reeo£. However, if the Zeeman 
energy is large compared to the interaction energy, the 
low-energy states will be maximally spin-polarized, and 
their form is clear: all of the spin-| electron states will be 
occupied, and there will be one remaining spin- J. electron 



which will bind with the valence-band hole to form an ex- 
citon (in a magnetic field, any attractive interaction will 
lead to binding of a two-dimensional electron- hole pair). 
We refer to these states as "excitonic states". Since we 
assume that all interactions conserve the electron spin 
and we ignore Landau level mixing for the electrons, the 
filled Landau level of spin-t electrons is inert, and the 
properties of the excitonic states may be determined by 
considering only the electron-hole pair. In particular, the 
energy eigenstates of the system follow from those of the 
exciton itself. The state in which the exciton is in a state 
^p(fe, fh) with momentum P is 

\P)= J d 2 r e d 2 r h yp(r e ,r h )^ el {r e )iPl{r h )\Q). (4) 

We have suppressed the subband-label of the hole, but 
it is to be understood that there are two excitonic bands 
corresponding to the two hole states. In the absence of 
an external potential, the momentum P is conserved 
and the above states are energy eigenstates. In ap- 
pendix ^ the wavefunctions and dispersion relation of 
a two-dimensional exciton are derived at small momen- 
tum as a function of rrih and d, within the approximation 
of no Landau level mixing for the electron. 



B. Stability to Spin Reversal 

The above excitonic states are the low-energy eigen- 
states of the system when the Zeeman energy is large 
compared to the interaction energy scale. However, for 
typical GaAs samples at v = 1, the Zeeman energy of 
electrons is much smaller than the interaction energy 
scale (at 4T the Zeeman energy is 0.09meV, whereas the 
typical interaction energy is e 2 /47reeo^ = 8.9meV). It 
is therefore important, for practical purposes, to study 
whether these excitonic states remain the lowest-energy 
states when the Zeeman energy is small. It is possible 
that there exist lower energy states involving some de- 
gree of spin depolarization. Such depolarization is known 
to be important for the char ged excitations of this sys- 
tem, for which theoretical [f20|-[22| and some experimental 
p3| p5[ studies show that the lowest energy charged exci- 
tations are "charged spin-textures" which diverge in size 
to become "skyrmions" in the limit of vanishing Zeeman 
energy. 

The spin-polarization of the groundstate depends 
strongly on the system parameters (d, rrih and Z). For 
sufficiently large d, the system will become depolarized 
when Z is small: in this case, the interactions between 
the electron gas and the hole may be neglected and the 
groundstate spin polarization will be that of the ex- 
tra electron, which is determined by the lowest-energy 
charged spin-texture. However, for small d the hole is 
tightly bound to the additional electron, and it is possible 
that the resulting neutral exciton does not significantly 
disturb the spin-polarization of the remaining electrons. 
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We have studied the stability of the exciton state to 
spin-reversal by calculating the groundstate of the system 
in the presence of a single spin-reversal. Our calculations 
were performed in the spherical geometry, with system 
sizes of up to 51 single particle basis states in the low- 
est Landau level (corresponding to a sphere of diameter 
10£). We have studied only the limiting cases m,h = 0, oo 
and assume that the results for finite hole mass lie be- 
tween these two limits. We find that, for rrih = and 
m,h = oo, the groundstate is the global spin- rotation of 
the excitonic groundstate provided d < lAt and d < 1.3£, 
respectively (we have identified these values to an accu- 
racy of better than ±0.L£). Therefore, for d smaller than 
these values, there is no energetic advantage to be gained 
from introducing a single spin-flip to the excitonic state: 
the zero-momentum excitonic state remains the ground- 
state. In order to fully test the stability of the excitonic 
state to spin-reversal, one should study the groundstate 
as a function of all possible spin-polarizations. However, 
it seems likely that if the energy is not reduced by the in- 
troduction of a single spin-reversal, it will not be reduced 
by a larger depolarization. We therefore anticipate that 
for d smaller than 1.3£, the P = excitonic state is the 
absolute groundstate of our model whatever value the 
hole mass may take, and even as Z — > 0. For larger 
values of d, the spin-polarization of the groundstate will 
change as Z is decreased; one may view the resulting de- 
polarized states as excitons formed from the binding of a 
valence-band hole with a charged spin-texture. 

For the parameter-values that we use to compare with 
the experiments reported in Ref. Q the spacing d = 60A 
is much less than the magnetic length I — 130A. Our cal- 
culations therefore suggest that in this sample the hole is 
sufficiently close to the electron gas that the P = exci- 
tonic state provides a good description of the groundstate 
of the system exactly at v = 1 prior to recombination. 
We therefore expect the excitonic states to provide an im- 
portant contribution to the photoluminescence spectrum 
of this sample. 

At finite temperatures, some of the low-energy ex- 
cited states of the system will also be populated. These 
will consist both of finite-momentum exciton states, and 
of long-wavelength spin-wave excitations of the system. 
For small electron-hole separation, d, and for sufficiently 
small excitation energies that the wavelengths of these 
excitations are large compared to the magnetic length, 
the coupling between the exciton and spin-waves will be 
small, and the two may be treated independently. In the 
remainder of this section we will discuss the form of re- 
combination expected from the excitonic states in the ab- 
sence of spin- waves. A thermal population of spin- waves 
may be viewed as a fluctuation in the overall polariza- 
tion of the system, and will lead to a mixing between 
the two circular polarizations of the spectra. Provided 
the temperature is small compared to the particle-hole 
gap at v = 1, only a small number of spin- waves will be 
thermally populated, and this mixing will be small. 



C. Radiative Recombination 



It is clear from the form of the excitonic states de- 
scribed above that their radiative recombination in the 
two circular polarizations will lead to quite different final 
states. In the o+ polarization, the hole (which must be in 
the JJ- state) must recombine with the single spin- J, elec- 
tron. In this case, there is only one available final state: 
the v = 1 groundstate (^). In the er_ polarization, the 
hole can recombine with any one of the spin-| electrons 
and there are many possible final states. These are the 
states in which the spin of a single electron has been re- 
versed in the v — 1 groundstate, and are described by the 
set of single spin- wave excitations |}9|,[40| . The recombi- 
nation processes in the two polarizations are illustrated 
schematically in Fig. [| 
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FIG. 2. Schematic diagram of the radiative decay pro- 
cesses of the free excitonic states. Each shaded region rep- 
resents a filled Landau level of spin-j electrons, and the cir- 
cles represent a spin- J. electron (marked by i), a valence-band 
hole (lying above the shaded region and marked by +), and 
a "spin- hole" (lying in the shaded region and marked by +). 

The transition rates of these processes are determined 
by the matrix elements of the operators, L±. Using the 
form of the exciton wavefunctions derived in appendix |a|, 
these matrix elements can be calculated explicitly. 

We find that the matrix element describing er + recom- 
bination between the excitonic state | P) and the ground- 
state |0) is 



\L+\P) = 



n 



>p,o, 



(5) 



where fl is the area of the sample. Thus, on emission of a 
long-wavelength photon, momentum conservation limits 
the recombination to the zero-momentum excitonic state. 

As we now show, for the ct_ polarization all of the ex- 
citonic states can recombine, with the momentum of the 
exciton being conserved by the momentum of the spin- 
wave in the final state. Making a particle-hole transfor- 
mation on the filled Landau level of spin-| electrons, the 
matrix element of L_ between an initial excitonic state, 
\P), and a final state \P')sw m which there is a single 
spin- wave with momentum P' , may be written 



G 



sir 



[P'\L-\P) = J ** aWiP (r e ,r h )¥ x ,p(r e ,r h ) d 2 r e d?r h , (6) 



where *&x,p(Te> r h) & n d ^> sw,p{ r ei r h) ar e the wavefunctions of the exciton and spin-wave of momentum P, with r/, 
representing the position of the spin-hole in the second case. In the symmetric gauge, A(r) = Bz x r/2, the exciton 
and spin-wave wavefunctions may be written pl| 

* P (r e ,r h ) = J_ e *r-(rc+r h )/2r l ^xr h .Z/2l* q>p{re _ (?) 

vf2 



Integrating (||) over the co-ordinate, (r e + r^)/2, we obtain 

(P'\L-\P) = S PlPI J $* S wA r )®xA r ) ( 8 ) 



sw\ 



which demonstrates that the transition from the exci- 
tonic to the spin-wave state occurs with momentum con- 
servation, and at a rate depending on the overlap of their 
respective internal wavefunctions. The spin-wave wave- 
functions &sw,p are well-known ^|,|f|. They are fully 
specified by the condition that both electron and hole 
(i.e. missing spin-| electron) are in the lowest Landau 
level, and are independent of the force-law between the 
electrons. Since we allow Landau level mixing for the 
valence-band hole, the exciton wavefunctions do depend 
on the strength of the interaction relative to the cyclotron 
energy of the hole. However, as shown in appendix |X| for 
small momenta the wavefunction of the exciton is iden- 
tical to that of the spin-wave, and we obtain 

SW (P'\L_\P) = 6 P ,p, + 0{P 2 t 2 /h 2 ), (9) 

independent of the parameters m/, and d. (The correc- 
tions at finite momentum vanish for all d, when — > 0, 
in which limit Landau level mixing of the hole is negli- 
gible and the exciton wavefunction becomes identical to 
that of the spin- wave.) The allowed recombination pro- 
cesses for both cr + and cr_ polarizations are illustrated in 
Fig. as a function of momentum. 




spin-wave 



FIG. 3. Schematic diagram of the allowed radiative transi- 
tions of the free excitonic states as a function of momentum. 
The two exciton bands arise from the two hole subband states, 
and give rise to the two circular polarizations of emitted radi- 
ation. In the o + polarization only the zero-momentum state 
recombines and leaves the groundstate |0) as the final state; in 
the <t_ polarization (vertical) transitions occur from excitonic 
states of all momenta into the band of spin-wave states. 



D. Line Shapes: No Disorder 

The fact that only the P = excitonic state can 
contribute to photolumincscence in the cj + polarization, 
whereas all of the excitonic states can contribute to emis- 
sion in the cr_ polarization leads to quite different line 
shapes for the two polarizations. It is immediately ap- 
parent that, in the absence of disorder, the <j+ emission 
must be a sharp line, since there is only one possible tran- 
sition. In the er_ polarization many transitions can occur 
and one can expect to observe a broad line. 

To understand the line shape of the cr_ polarization, 
consider first the case mh, = 0, d = 0, in which there is 
no Landau level coupling for the valence-band hole, and 
it lies in the same plane as the electrons. In this case, 
the dispersion relations of the exciton and the spin- wave 
are identical, so all of the allowed cr_ transitions have 
the same energy. This situation provides an illustration 
of how the "hidden symmetry" that applies in this case 
(to/, = 0, d = 0) leads to a trivial spectrum in which all 
transitions within each polarization occur at the same 
energy. 

In order to observe structure in the <7_ recombination 
line, it is essential that the dispersion relations of the 
exciton and spin- wave differ. Differences arise both from 
a non-zero value of d, such that the electron-hole inter- 
action differs from the electron-electron interaction, and 
from Landau level mixing of the hole states. (Differences 
will also arise from Landau level mixing of the electrons, 
but these effects lie outside the scope of the theory pre- 
sented here.) We will compare the dispersion relations 
of the excitonic and spin-wave states by discussing the 
effective masses of these two excitations, which describe 
the properties at small momenta. 

In appendix ^ we show that, within a model that ne- 
glects Landau level mixing for the electron, the effective 
mass of the exciton, Mx, may be calculated exactly 



7 



M x = m h 



77 ex P 

(d 2 /2l 2 )(l + d 2 /e 2 )erfc(d/V2£) - d/2£ 



(10) 



The effective-mass approximation to the exciton disper- 
sion relation is good for \P\ <C (1 + X)h/£, where A > 



is a parameter defined in Eq.(Al2) that describes the ex- 
tent of Landau level mixing for the hole. The spin-wave 
dispersion relation is parabolic for LPI <C h/l and may 
be described by an effective mass |39|,p0| 



Msw = \ I - 



e 2 £ 



(11) 



which may be obtained from ( |l0| ) by setting ran and d to 
zero. From equation ( |To| ) we find that the Landau level 
mixing and the spatial separation of the hole from the 
electron gas both increase the effective mass of the exci- 
ton relative to that of the spin-wave. For the parameter- 
values appropriate to the sample used in Fig. |l|(b) we 
find an exciton effective mass of Mx = 0.50to , which is 
much larger than that of the spin- wave, Msw — 0.081mo. 
Most of this increase arises from the finite mass of the 
hole; ignoring Landau level mixing for the hole (m/j = 0), 
one would estimate Mx = 0.16rao. For this sam- 
ple, therefore, we find that Landau level mixing of the 
hole provides the more significant mechanism by which 
the "hidden symmetry" in photoluminescence is broken. 
Even in a stronger magnetic field of 8T, when Landau 
level mixing effects are less important, one finds that a 
very large value of the spacing, d > i, is required before 
the contribution to the mass difference between the exci- 
ton and spin- wave arising from the non-zero d outweighs 
that due to the Landau level mixing of the hole. Thus, it 
is typically the case that Landau level mixing for the hole 
provides a more important contribution to the loss of the 
"hidden symmetry" than the spacing d in the spectrum 
arising from the excitonic states. 

We claim that the observations reported in Ref. ]hJ 
and reproduced in Fig. |l|(b) demonstrate the recombina- 
tion of excitonic initial states. This claim is motivated 



both by the discussion of Sec. Ill B in which it was shown 



that the excitonic states are the low-energy initial states 
of our model using the parameter- values appropriate for 
the experiments, and also by the fact that the principal 
qualitative features of the observed spectra are consis- 
tent with the those expected from the recombination of 
excitonic states. Namely, in the er + polarization there is a 
sharp recombination line, due to the recombination of the 
P = excitonic state; while in er_ one expects a broad- 
ening of the emission line on the low energy side, due 
to the recombination of excitonic states with non-zero 
momentum and the subsequent shake-up of spin-waves. 

To make closer comparison between our theory and the 
experiments, we proceed by calculating line shapes for 
the excitonic recombination. To do so, it is essential to 
know the relative probabilities, np, for occupation of the 
various excitonic states. Assuming that these are pop- 



ulated according to a Boltzmann distribution at a tem- 
perature T and treating the exciton and spin-wave dis- 
persions as parabolic, it is straightforward to show that 
the line shape is 



E 



p 

oc exp 



k B T(M x /M. 



sw 



(12) 

Q(-E), (13) 



where the recombination energy is measured relative to 
that of the P = excitonic state in this polarization, and 
we have assumed Mx > Msw- The resulting line shape 
is illustrated in Fig. || The recombination in the cr+ 
polarization is insensitive to the differences between the 
spin-wave and exciton dispersion relations, and remains 
a single sharp line. 
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FIG. 4. Line shape for the <r_ polarized luminescence from 
free excitonic states in thermal equilibrium at a temperature 
T, assuming parabolic bands for both exciton and spin-wave. 
The energy is measured in units of fcsT(Mx / 'Msw — 1), rel- 
ative to the recombination energy of the zero-momentum ex- 
citon in this polarization. 

The line shape in Fig. || is similar to the form of the 
main recombination line observed experimentally in the 
er_ polarization [Fig. |l](b)]. Furthermore, the line width 
predicted by the above theory is comparable to, though 
slightly less than, the width of the experimental spec- 
trum: within our approximations, the ratio of the ex- 
citon to spin- wave effective mass is Mx/Msw = 6.2, 
so, at the experimental temperature of 0.5K, we have 
k B T(M x /Msw - 1) = 0.2mcV (at this temperature, the 
thermal wavelength of the exciton is 2600 A, which is large 
compared to the magnetic length, I = 130A, so the effec- 
tive mass approximation is accurate for both exciton and 
spin- wave dispersions). However, there is a qualitative 
discrepancy between the above expression ( jl3| ) and the 
experimentally-observed line shape. Namely, the width 
of the observed line does not change with temperature for 



8 



temperatures below the v = 1 single particle gap (above 
this temperature, peculiarities associated with the v — 1 
filling fraction do not appear in the experimental spec- 
tra). This discrepancy indicates a failure of the above 
model for the line shape of the excitonic states. In the 
following subsection we show that the assumption of free 
excitonic states is not likely to be accurate in these sys- 
tems: disorder can be expected to lead to strong scatter- 
ing of the excitonic states. Including the effects of disor- 
der, we show that the excitonic recombination spectrum 
develops a temperature-independent line shape that is 
consistent with the experimental observations. 



E. Effects of Long-Range Disorder 

There are various sources of disorder which can scat- 
ter the excitons discussed above. These include inter- 
face roughness and impurities that scatter excitons in 
undoped quantum wells. However, an additional source 
of disorder appears in modulation-doped quantum wells: 
the long-range potential arising from the donor impuri- 
ties that lie some distance, set by the spacer-layer thick- 
ness, from the quantum well. (The exciton will also in- 
teract with the quasiparticles that appear when the fill- 
ing fraction is not exactly v = 1. See Sec. |y|.) The 
long-range potential fluctuations are believed to be the 
dominant source of exciton scattering in the sample of 
Ref. jl9), the effects of interface roughness being small 
due to the large width and asymmetry of the quantum 
well Q . In this section we will discuss the recombination 
of the excitonic states in the presence of the long-range 
potential disorder, by studying the energy eigenstates of 
both the exciton and the spin-wave (the final state of 
the er_ recombination process). By including this single 
source of disorder, we obtain a lower limit on the extent 
of the disorder-broadening of the spectral lines. 

We begin by reviewing the form of the disorder aris- 
ing from the ionized donors, as has been discussed in 
Refs. and H]. Imagine that these donors lie in a 
plane a distance s (the spacer-layer thickness) from the 
two-dimensional electron gas, with an average density n 
(the same as the number density of the two-dimensional 
electron gas) . If the donors are randomly distributed in 
the plane, then the density fluctuations n q are correlated 
according to 



where Vt is the sample area and the bar indicates the av- 
erage over all realizations of the disorder. Due to their 
mutual electrostatic repulsion, one expects there to be 
significant correlations between the positions of the ion- 
ized donors, and a subsequent reduction in the amplitude 
of the density fluctuations. We treat these correlations 
within the "non-equilibrium model" of Ref. [Q , in which 
the donor distribution is assumed to be a snapshot of the 
distribution at a temperature To. This model is based on 
the idea that, as the sample is cooled, the charges on the 
ionized donors readjust within the impurity band until a 
temperature To is reached at which such charge-mobility 
becomes small (To ~ 100K typically). It is found that, on 
lcngthscales larger than the spacer thickness, the corre- 
lation function for the donor fluctuations takes the same 
form as Eq.(pT|), but with the density replaced by an ef- 
fective density n* — eeofcsTo/(e 2 s). 

The fluctuations of the donor density lead to fluctua- 
tions in the potentials experienced by the electrons and 
holes. The resulting potential energy fluctuations for the 
electrons are 



2ee Q \q\ 
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(15) 



and are therefore suppressed on scales larger than the 
spacer layer thickness, s. Due to the asymmetry of the 
quantum well, the centre-of-charge of the hole is located 
a distance d further from the ionized donors than that of 
the electrons, so the magnitude of the potential experi- 
enced by the hole is slightly smaller 
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but is also smooth on a lengthscale s. 

In appendix |A| we have derived an effective Hamilto- 
nian for the motion of the exciton in smooth external po- 
tentials V e (r) and V h (r). We make a Born-Oppenheimer 
approximation for the exciton motion, treating the inter- 
nal motion (with a characteristic timescale set by the 
exciton energy level separation) as fast compared to the 
scattering rate of the exciton by the potential. Expand- 
ing the potentials to lowest order in £/s, where s is the 
lengthscale of the external potentials, the effective Hamil- 
tonian for the centre-of-mass position R and momentum 
P of the exciton is found to be 
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(17) 



where all gradient operators are to be understood to act 
in the plane of the quantum well. The first term repre- 
sents the kinetic energy of the exciton, with an effective 
mass, Mx, given by Eq. (JlOj) , while the second and third 



r 



terms describe the potential energy of an exciton with 
centre-of-mass position R. The fourth term, in which 
r] e h = m e f l /(m e + mh) and A is the parameter defined in 



Eq.(Al2), represents the coupling of the in-plane dipole 







moment of the exciton with the electric fields acting on 
the electron and hole parallel to this plane. This term 
should be symmetrized in momentum and position co- 
ordinates to render the Hamiltonian Hermitian. The final 
term, in which are expectation values of the electron- 
hole interaction defined in appendix |X| is the Stark shift 
of the exciton in the parallel components of the electric 
field due to the mixing with the higher exciton bands. 

The above Hamiltonian also describes the motion of 
the spin-waves of the v = 1 state in the long-range po- 
tential. In this case, the hole represents the spin-hole 
and one must therefore restrict it to states in the lowest 
Landau level (A -> 0) and use V h (r) = -V e {r). The 
effective spin-wave Hamiltonian therefore reduces to 
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(18) 
(19) 



Thus, the disorder couples only through the in-plane 
dipole moment of the spin-wave. In the last line, we 
have rewritten the Hamiltonian in the more familiar 
form of the free motion of a particle with (fictitious) 
charge q* in a random (fictitious) vector potential, A* = 
— Mswf 2 / {q*K)^y e x -z, neglecting a second-order term 
in the electric field. The effective magnetic field expe- 
rienced by the particle is a random function of position 
with zero average B* = V x A* = V 2 V e M sw £ 2 /{q*K). 
The effect of this magnetic field on the motion of the 
particle may be judged by considering the typical (fic- 
titious) magnetic length. Calculating the root mean 
square value of V 2 U e for the donor distribution Jl4| ) 
with the reduced density n* , we find a typical magnetic 

iy/(h 2 /M SH ^ 2 )(80Fee o /V3^e 2 ). Using 

= 800A, 
ill un- 



length t = s^l (ti z /Mswl^iSy^eeo/VZr^e 2 ) 

the parameter-values To = 100K, £ = 130A, s 
which are appropriate for the sample of Ref. 
der the conditions for which Fig. |l|(b) was measured, 
we find the typical effective magnetic length is approxi- 
mately twice the disorder lengthscale s. Thus the radius 
of curvature of the spin-wave trajectory is always large 
compared to the disorder lengthscale, and the scattering 
by this random magnetic field is weak. We will neglect 
the effects of this weak disorder on the spin-wave motion, 
and treat the spin- wave as a free particle with a parabolic 
dispersion relation described by M$w- 

The strength of scattering of the exciton due to the 
coupling of its in-plane dipole moment to the in-plane 
electric field is of the same order as the scattering 
of the spin-wave, and is therefore also small. How- 
ever, the scattering arising from the remaining terms 
is strong. The main contribution is due to the poten- 
tial V x (r) = V e (r) + V h (r), which describes the cou- 
pling of the perpendicular dipole moment of the exci- 
ton to the fluctuations in the electric field. Using the 
correlation function ( fl4| ) and the expressions (15) and 
( |l6| ) for the electron and hole potential energies, we find 



that the root mean-square fluctuation in the exciton en- 
ergy is V^ s = 0.093mcV for the parameter-values of 
the sample of Ref. (19) (s = 800A, d = 60A and as- 
suming To = 100K). Since the fluctuation in the exci- 
ton energy is large compared to the kinetic energy cost 
~ h 2 /M x s 2 = 0.02meV to confine it to a region of size 
s, one expects the disorder to lead to strongly-localized 
low-energy states. 

In view of the above considerations, we arrive at a 
model for the excitonic recombination in which the ex- 
citon states prior to recombination must be determined 
from the potential V x (r), and the final states are either 
the groundstate (in the ct + polarization) or the free spin- 
wave (<r_). To derive line shapes for the resulting pho- 
toluminescence spectra, one must also know the relative 
populations of the initial exciton states. 

One possibility is to assume that thermal equilibrium 
is achieved. In this case, the width of the er + line, 
in which the exciton recombines to leave the v = 1 
groundstate, will vanish as the temperature tends to 
zero and the exciton becomes restricted to its low-energy 
"tail states" [fl5"|-|48|. However, the line shape in the 
<7_ polarization will be much broader than in er + as a 
result of the shake-up of high-momentum spin-waves. 
In fact, at very low temperatures, this line shape will 
adopt a temperature-independent form, determined by 
the momentum-distribution of the expected limiting form 
of the tail-state wavefunctions [j45|j46| l . We do not pur- 
sue a calculation of this line shape, since we do not be- 
lieve that this limiting behaviour is appropriate for the 
present experiments. Rather, as is the case for exciton 
recombination in empty quantum wells P9|p0[ , we ex- 
pect that the finite lifetime of the valence-band hole pre- 
vents full thermal equilibration. This is consistent with 
the observed temperature-independent width of the a+ 
lfne |l9[ . Moreover, in view of the above estimates for 
the strength of disorder which show that the low-energy 
exciton states are likely to be strongly-localized in the 
potential minima, one might expect a slow equilibration 
rate. 

If thermal equilibrium is not achieved, the line shapes 
will depend both on the nature of the exciton states in 
the presence of disorder and on the relaxation dynamics. 
Since we do not have a good understanding of the relax- 
ation dynamics, we will treat the non-equilibrium recom- 
bination within a very simplified model. We imagine that 
the disorder is sufficiently strong {V 7 x ls >• H 2 /Mxs 2 ) 
that the exciton can become strongly confined in any lo- 
cal minimum of the potential, and that the tunneling rate 
between states in different minima is small compared to 
the decay rate of the valence-band hole. Under these con- 
ditions, the low-energy exciton states in all such minima 
accurately represent a set of energy eigenstates, each of 
which will contribute to photoluminescence if populated. 
We represent the relaxation dynamics of the exciton by 
the assumption that, prior to radiative recombination, 
the exciton is equally likely to be found in any one the 
potential minima and that only the groundstate in any 
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given minimum is populated. This assumption is cho- 
sen to portray a rapid relaxation to the groundstate in 
a given potential minimum and a slow equilibration be- 
tween states in different minima. The same assumption 
was the key element of a model proposed in Ref. [Q to 
account for exciton recombination in an undoped quan- 
tum well. Also in common with that work, we assume 
that the potential is Gaussian-correlated; this is accu- 
rate when the spacer layer thickness is large compared 
to the mean impurity separation, such that many impu- 
rities contribute to the potential at a given point of the 
two-dimensional electron gas. Following a similar ap- 
proach to that described in Ref. |)0|, we calculate the 
mutual probability distribution of the potential V x and 
its curvatures in the two principal directions at each point 
where W x = 0. We use this to calculate the spectra 
for the two polarizations by averaging over the recombi- 
nation of the exciton groundstate in all potential wells 
(points of zero potential gradient for which both curva- 
tures are larger than zero), giving equal weight to each of 
these states. Details of these calculations are presented 
in appendix |^. The resulting line shapes are shown in 
Fig. ^| for the parameter-values appropriate for the con- 
ditions of Ref. |L9|. 




Energy (meV) 

FIG. 5. Spectra of recombination of the excitonic states in 
the presence of long-range disojrder, for er_ (solid line) and <r+ 
(dashed line) polarizations. Energies are measured relative to 
the recombination of the zero-momentum exciton in a sample 
without disorder. Parameter-values are chosen for the sam- 
ple of Fig. 0(b): {h 2 /M x s 2 )/V r x m3 = 0.25, M x /M S w = 6.2, 
Ti 2 /M x s 2 = 0.024meV. 

In the <7+ polarization, the radiative recombination of 
a given exciton state contributes a sharp spectral line at 
an energy equal to the value of the potential energy at 
the given potential minimum plus the kinetic energy of 
the exciton. For the parameter-values used in Fig. ra, the 
kinetic energy of the exciton is small compared to the 
fluctuations in the potential, and the overall linewidth is 
primarily determined by the width of the distribution of 
the potentials at all minima, ~ V^ms- 

In the <7_ polarization, the recombination of each 
excitonic state is broadened to low energy due to 
the shake-up of free spin-waves with effective mass 



Msw- The extent of this broadening depends on the 
momentum-distribution of the initial exciton wavefunc- 
tion. The typical broadening may be estimated by con- 
sidering the groundstate wavefunction in a typical po- 
tential minimum, with curvatures set by the root-mean- 
square curvature V 2 V^ S . The width of the emission 
line arising from this state is found to be equal to 

{M x /M sw )y/h 2 V 2 V r ^ a /(2Mx). This energy, which is 
0.4meV for the parameter-values we use to describe the 
experiments of Ref. Jl9|, accounts for the main low- 
energy broadening of the <r_ spectrum shown in Fig. |^. 

The theoretical line shapes shown in Fig. are very 
similar to the experimental line shapes [Fig. [11(b)], both 
qualitatively and quantitatively. It is important to em- 
phasize, however, that the quantitative predictions of our 
model are rather unreliable: the values of the exciton and 
spin-wave masses we use do not take account of Landau 
level mixing for the electrons, and are based on a sim- 
plified model for the subband structure and the valence 
band dispersion. Furthermore, our model for the exciton 
relaxation and recombination in the disordered potential 
is only a crude description of a rather complicated pro- 
cess. An accurate calculation of the line shapes requires 
a much better understanding of the relaxation dynamics 
of the system than we have at present. Consequently, the 
predictions of this model are best viewed as illustrations 
of the qualitative features one expects of the spectrum 
when the relaxation dynamics prevent full thermal equi- 
libration. Specifically, the line shapes in both polariza- 
tions become temperature- independent, and the <j_ po- 
larization is significantly broadened to lower energy as a 
result of the release of high-momentum spin- waves upon 
recombination. Finally, we note that our calculations 
have dealt only with long-range disorder. Short-range 
disorder, arising for example from interface roughness, 
may lead to high-momentum components in the exciton 
wavefunction and have important quantitative effects on 
the width of the er_ line. The qualitative features of the 
spectra will remain the same. 



F. Effects of Landau Level Mixing 

To conclude this section on the recombination of ex- 
citonic states, we will briefly discuss the validity of the 
approximation in which Landau level mixing for the elec- 
trons is neglected. This approximation is correct in the 
limit in which the electron cyclotron energy tko e is large 
compared to the interaction energy scale e 2 /Aireeol. For 
typical samples, these energies are of a similar size, so one 
must always expect Landau level mixing to have signif- 
icant quantitative effects. One may, however, hope that 
the qualitative behaviour is correctly captured by such a 
theory. 

The great deal of theoretical and experimental work 
on the integer and fractional quantum Hall regimes has 
shown that this is the case for many properties of these 
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two-dimensional electron systems 29 1. In particular, the 
prediction of a spontaneously spin-polarized v — 1 state 
with a particle-hole gap determined largely by interac- 
tions |2(J appears to be realized in experiment [^3l~p5|. 

Similarly, we expect that a small amount of Landau 
level mixing will not affect the qualitative properties of 
the excitonic states. Corrections will arise from the cou- 
pling of these states with the plasmons of the v = 1 
state. For weak Landau level mixing, this coupling leads 
to a weak-coupling polaronic problem in which a particle 
(the exciton) couples to the density fluctuations of its en- 
vironment (the plasmons). The parameter- values of the 
resulting polaronic problem are such that one expects the 
energy eigenstates to be closely related to the states in 
the absence of Landau level mixing, only dressed with a 
cloud of virtual plasmons. 

Thus, a small amount Landau level mixing will not lead 
to any qualitative changes in the nature of the initial or 
final states of the recombination process. Quantitative 
changes will appear as increases in the effective masses 
of the spin-wave and the exciton. We know of no cal- 
culations of the effects of Landau level mixing on these 
dispersion relations. However, the form of the perturba- 
tion expansion in the ratio of interactions to the electron 
cyclotron energy shows that the lowest-order corrections 
to both effective masses are proportional to m e . There 
will also be changes in the matrix elements (|^) and (|^). 
However, these overlaps will still vary on the character- 
istic momentum scale h/£, so the corrections will only 
lead to a uniform change of the recombination rate for 
all excitonic states with small momenta. Provided the 
mass of the exciton remains larger than the mass of the 
spin-wave, all of the above qualitative discussion will still 
apply. 

It is possible that under the experimental conditions 
the extent of Landau level mixing for the electrons is 
so large that the nature of the low-lying initial states 
is qualitatively different: for example, the spin polar- 
ization of the groundstate may be different. Without a 
full calculation of the many-body problem including Lan- 
dau level mixing, we cannot rule out such a possibility. 
However, we view the success of our model in explain- 
ing the main features of the experimental observations 
as evidence that we have correctly identified the states 
contributing to photoluminescence in these experiments. 
Experimentally, one may test whether Landau-level mix- 
ing has any qualitative effects by studying the evolution 
of the spectrum as a function of the sample density. One 
would hope that the qualitative features remain the same 
in higher density samples (but with a similar value of 
d/£), for which v = 1 appears at larger magnetic field 
and Landau level mixing is less important. 



IV. CHARGED INITIAL STATES 

We have shown that exactly at v = 1, the low-energy 
initial states of our model are well described by excitonic 
states when d is sufficiently small. However, this situa- 
tion represents only a singular value of the filling frac- 
tion. For any typical filling fraction close to v = 1, the 
sample will contain a small number of quasiparticles. As 
the magnetic field increases and the average filling frac- 
tion sweeps through unity, the quasiparticles will change 
from being negative [y > 1) to positive (v < 1). These 
charges may become localized by disorder, in which case 
they will not contribute to the transport properties and 
a quantized Hall effect will be observed. However, even 
localized charges may affect the photoluminescence spec- 
trum. To discuss the consequences, we will consider cases 
in which the filling fraction is sufficiently close to one 
that the quasiparticles are very dilute (compared to the 
density of electrons) and can be considered to be inde- 
pendent: we will therefore study a single quasiparticlc in 
an otherwise uniform v = 1 state. We will consider a 
sample without disorder. Long-range disorder will cause 
a broadening of all the spectra we describe below by an 
amount similar to that of the exciton recombination line 
in the <r+ polarization (~ V^g), which was discussed in 



Sec. HIE. 



When an electron-hole pair is added to a system con- 
taining a single additional quasiparticle, the resulting en- 
ergy spectrum will contain a band of states describing the 
motion of an exciton far from the quasiparticle. The re- 
combination of these states is well described by the dis- 
cussion of Sec. 



Ill 



with the quasiparticle providing an 
additional source of scattering. However, it may be that 
the groundstate does not form part of this band, but is 
some "bound state" in which the additional electron-hole 
pair is localized in the vicinity of the quasiparticle to form 
a small charged complex. If this is the case, one can ex- 
pect to find a separate feature in the photoluminescence 
spectrum arising from this new initial state. The sim- 
plest forms of these initial states (those with maximal 
spin-polarization), were discussed in Ref. pq |. We will 
also limit our discussion to the maximally spin-polarized 
charged complexes, but extend the work of Ref. |26| by 
showing that Landau level mixing for the electrons can 
have important effects on the stabilities of these com- 
plexes relative to the excitonic states, and that Landau 
level mixing for the hole can significantly affect their re- 
combination spectra. 



A. Additional positive charge 

We begin by considering a sample in which, prior to 
photo-excitation, there is a single positively-charged ex- 
citation. For large Zeeman energy, the groundstate prior 
to photo-excitation is maximally spin-polarized, and the 
positive charge appears as a vacant spin-| electron state 
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(a "spin-hole"). In the absence of disorder, the ground- 
state is any one of the degenerate states 

e mT |0>> (20) 

classified by the quantum number m describing the posi- 
tion of the spin-hole in the plane. Similarly, upon photo- 
excitation, the groundstate will be any one of the degen- 
erate maximally spin-polarized states 

hl\0), (21) 

in which the photo-excited electron fills the vacant spin- 
t state, and the hole occupies the lowest Landau level 
single particle state with quantum number m {}v m is the 
operator that creates a valence-band hole in this state; we 
continue to suppress the subband-label of the hole). We 
will refer to this state as the "free-hole state" . This is the 
simplest "charged complex" that can compete with the 
excitonic states to be the absolute groundstate of the sys- 
tem, and therefore to contribute to the low-temperature 
photoluminescence spectrum. 

We will compare the energy of the free-hole state with 
that of an excitonic state in which the valence-band hole 
forms a P — exciton with a spin-| electron a long dis- 
tance from the positive quasiparticlc. One can convert 
the free-hole state to this excitonic state by (1) introduc- 
ing a widely separated quasielectron/quasihole pair far 
from the valence-band hole (at an energy cost of Z+B$w, 
where B$w is the interaction contribution to the energy 
gap of the v = 1 state which we refer to as the "bind- 
ing energy" of a spin- wave), and (2) binding the quasi- 
electron to the free valence-band hole (with an energy 
gain of Bx, which is the binding energy of the exciton). 
The energy of the excitonic state is therefore larger than 
that of the free- hole state by an amount Z + Bsw — Bx ■ 
For a Zeeman energy Z that is large compared to the 
interaction energies, this quantity will be positive, and 
the free-hole state will be the lower energy state. For 
small Z ', as is typically the case experimentally, whether 
the free-hole or the exciton state is the lower in energy 
depends on the relative sizes of the spin-wave and exci- 
ton binding energies. In appendix |A| it is shown that, 
within the approximation of no Landau level mixing for 
the electrons, these binding energies may easily be calcu- 
lated. The binding energy of the exciton is found to be 
independent of the mass of the valence-band hole 

The binding energy of the spin- wave follows from the 
d = limit of Eq.(§§) 

BsW = \^^I- (23) 

From these expressions one finds that for any non-zero 
d the binding energy of the exciton is less than that of 



the spin-wave. The free-hole state will therefore always 
be the lower energy state, and, for v < 1, one can expect 
to see radiative recombination from the free-hole state 
rather than from excitonic states. The form of the recom- 
bination spectrum of the free-hole state is trivial: since 
there are no spin-| electrons present, the hole can only 
recombine in the cr_ polarization, and will contribute a 
single sharp line. Simple considerations show that the 
recombination of the free-hole state occurs at an energy 
Bsw ~ Bx lower than the recombination energy of the 
P = excitonic state in this cr_ polarization. 

Considerations similar to those we have just presented 
formed the basis of the main point of Ref. |?6) , in which 
it was argued that as the filling fraction is swept from 
v > 1 to v < 1, the form of the initial state con- 
tributing to photoluminescence undergoes a transition 
from an excitonic state to a free-hole state. As a re- 
sult of this transition, a red-shift of the mean position 
of the photoluminescence line is expected by an amount 
Bsw — Bx- A red-shift consistent with this behaviour 
has been observed in very wide quantum well samples [Q . 
For narrow quantum wells, and in particular for the ex- 
periments of Ref. |l9| , no such red-shift is observed. For 
the parameter- values appropriate to these experiments, 
one finds Bx = 8.0meV and Bsw — ll.lmeV, so the 
shift in energy would be 3.1meV. This energy difference 
is likely to be over-estimated by our model which neglects 
the finite thickness of both the electron and hole subband 
wavefunctions, but even with these factors included one 
would expect the energy shift to be above experimental 
resolution. That no red-shift is observed seems to indi- 
cate that for this sample there is no change in the nature 
of the initial states as the filling fraction sweeps through 
v = \. 

In the following we show that the absence of a dis- 
continuity in the form of the photoluminescence can be 
explained as a result of Landau level mixing for the elec- 
trons. For a small spacing d, the corrections due to this 
Landau level mixing lead to an decrease in Bsw ~~ Bx, 
which may be sufficient to cause this quantity to change 
sign and the excitonic state to become lower in energy 
than the free-hole state. In this case, as the filling frac- 
tion of the sample is swept through v = 1, the low-energy 
states will remain well-described by the excitonic states 
and there will be no discontinuity in the form of the re- 
combination spectrum. 

We will study the effects of Landau level mixing of 
the electrons by considering the changes in the binding 
energies of the exciton and of the spin-wave to second 
order in the Coulomb interaction. These corrections are 
of order (e 2 / e£) 2 / (Tioj e ) ~ e 4 m e /e 2 h 2 , and are therefore 
independent of the strength of the magnetic field. 

A calculation of the second-order energy correction to 
the binding energy of the spin- wave has been reported in 
Ref. p0| ; it was found that the binding energy decreases 
by an amount 
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= 0.58- 



(24) 



which is consistent with a recent quantum Monte Carlo 
evaluation of this quantity J5l| . For the parameter- values 
appropriate to GaAs systems (m e = 0.067rno, e = 12.53), 
this decrease is 6.77meV and can be significant compared 



to the overall spin-wave binding energy neglecting Lan- 
dau level mixing [this is ll.lmeV for the field strength 
at which the spectra in Fig. |l](b) were measured] . 

In appendix |^ we derive the second-order corrections 
to the binding energy of the exciton in the presence of 
the v = 1 groundstate. The result is 
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where X m (z) is a function defined in (Cll). The first term 
in this expression represents an increase in the binding 
energy, and accounts for the enhanced binding of an ex- 
citon in the absence of the filled Landau level of spin-"f 
electrons. The second term is a decrease in the bind- 
ing energy, which effectively arises from the screening of 
the electron-hole interaction by the filled Landau level of 
spin-| electrons (which becomes weakly polarizable when 
Landau level mixing is included). 

We evaluate the above correction to the binding energy 
of the exciton by performing the sums in Eq. (^5|) numer- 
ically. For the parameter-values appropriate to the sam- 
ple used to measure Fig. 0(b), we find that the binding 
energy of the exciton decreases, —ABx — 3.24mcV, by 
an amount that is significantly less than the decrease in 
the spin-wave binding energy due to Landau level mixing 
(6.7meV). The resulting net binding energies of the exci- 
ton and spin-wave for these parameter-values are there- 
fore B x = 4.76meV and B sw = 4.33meV. Thus, the 
first correction arising from Landau level mixing for the 
electrons leads to an exciton binding energy that is larger 
than that of the spin-wave, with Bx — Bsw = 0.4mcV. 
Since the difference in binding energies Bx — Bsw is pos- 
itive and larger than the bare Zeeman energy, the exci- 
tonic state remains the groundstate for v < 1. Introduc- 
ing Landau level mixing for the electrons, we can there- 
fore account for the observation that there is no disconti- 
nuity in the form of the photoluminescence spectrum at 
v = 1 in this sample. 

For positive Bx — Bsw, one further expects that, if 
the free-hole states were to become populated, their re- 
combination would appear in the er_ photoluminescence 
spectrum at an energy higher than that of the emission 
from the P = excitonic state in this polarization. We 
suggest that the "B-peak" appearing in Fig. |l](b) could 
be due to the recombination of such states. This peak is 
consistent with this interpretation, insofar as it appears 
only in the er_ polarization and at an energy above that 
of the excitonic recombination line. Since we use a highly 
simplified model for the subband wavefunctions and only 
include Landau level mixing for the electrons to lowest 
order, the uncertainties in the binding energies we calcu- 
late are significant. The close similarity between our pre- 
diction of an energy spacing of 0.4meV and the observed 



spacing (~ 0.5meV) is purely fortuitous, and cannot be 
used as a justification for this interpretation of peak B. 
The main problem with this interpretation is that it re- 
quires a metastable population of the free-hole states. It 
is possible that the relaxation rate of free-hole states is 
sufficiently small that their radiative recombination oc- 
curs before thermal equilibration is achieved. In particu- 
lar, at temperatures less than the bare Zeeman energy of 
the electrons Z, the density of spin- J. electrons is vanish- 
ingly small and the quenching of the free-hole states may 
be suppressed (this is consistent with the appearance of 
peak B only at very low temperatures, ksT < Z ||l9|). 

In view of the uncertainty in the energy position of 
peak B and the requirement of a non-equilibrium popu- 
lation, the assignment of this peak to the recombination 
of the free-hole state is rather speculative. However, this 
interpretation may be tested experimentally. Ideally, one 
would study the evolution of the spectrum as a function 
of the separation d (which may be controlled by studying 
quantum wells of different widths or by the use of front 
and back-gates |Q). As d increases the energy difference 
between the recombination from the free- hole and that of 
the exciton should decrease due to the decreasing binding 
energy of the exciton. For sufficiently large d, the binding 
energy of the exciton Bx will become less than that of 
the spin-wave Bsw plus the Zeeman energy Z 7 and the 
free-hole state will become the groundstate configuration 
for v < 1. At this point, one will recover the behaviour 
described in Ref. | j26| and observed in wide quantum wells 
Q , in which the photoluminescence line shows a discon- 
tinuous red-shift as the filling fraction is reduced through 
v = 1. The transition between these two regimes occurs 
at a critical value of the separation d c which is defined by 
the condition that Z + Bsw — Bx — (where Bsw and 
Bx are the exact binding energies of the spin-wave and 
exciton, including all Landau level mixing corrections). 
This critical value may be estimated using Eqs. (^2] p5| )- 
We find that d c decreases slowly for samples with increas- 
ing carrier densities, due the reduction of the influence 
of Landau level mixing as the magnetic field increases to 
maintain v = 1. Using the parameters appropriate for 
GaAs (m e = 0.067, to^ = 0.34, e = 12.53 and an elec- 
tron g-factor of 0.4), we find d c ~ 0.5£ at B = 4T and 
d r ~ 0.3^ at B = 10T. 
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B. Additional negative charge 

Consider a system that, prior to photo-excitation, con- 
tains a single additional negative charge. For large elec- 
tron Zeeman energy and in the absence of disorder the 
groundstate is one of the maximally spin-polarized states 



J 

"ml 



|0>, 



(26) 



which are degenerate in m. Upon photo-excitation, the 
additional electron must also be spin-|, there being no 
vacant spin-| electron states. The energy eigenstates of 
the resulting maximally-spin-polarized system are deter- 
mined from the 3-body problem in which two (spin-|) 
electrons in the lowest Landau level interact with the 
valence-band hole. In this section we discuss the possi- 
bility of a bound-state of all three particles forming. It 
is known that such a bound state does exist for d = 0, 
both when the hole is restricted to the lowest Landau 
level (rrih = 0) [^3|,^6), and when the hole mass is infi- 
nite (in which case the system represents the high-field 
triplet "Z?~" complex [Q). If the energy of this complex 
is sufficiently less than that of a widely-separated exci- 
ton and quasiparticle, one can expect a new feature in 
the photoluminescence spectrum to appear when v > 1. 

We have calculated the binding energy of the exciton 
to the second electron numerically for arbitrary and 
d. We work in the spherical geometry with system sizes of 
up to 51 single-particle states in the lowest Landau level, 
and extrapolate the binding energy to the infinite-size 
limit by using quadratic regression in one over the num- 
ber of single-particle states. To account for Landau level 
mixing of the hole, we retain the first five hole Landau 
levels; this is sufficient to reproduce the binding energy 
for even the case m/, = oo, d = j5^] (in which Lan- 
dau level mixing will be most important) to an accuracy 
of 5%. For all values of d for which the results of our 
finite-size calculations are reliable (d < 21) , we find that 
the negatively-charged exciton is bound (the total angu- 
lar momentum of the groundstate changes as d increases, 
the first change occurring when this spacing is larger than 
about one magnetic length). For the parameter- values 
appropriate to the experiments of Fig. 0(b), we find a 
binding energy of 0.086e 2 /47ree £ = 8.8K = 0.76meV. 
This binding energy is large compared to the typical ther- 
mal energy, so one could expect these states to provide an 
important contribution to photoluminescence for v>l. 

Since the negatively-charged initial state contains both 
spin-| and spin-| electrons, one might expect that this 
state would radiatively decay in both polarizations. How- 
ever, for all finite values of and d, our numerical 
studies show that the transition rate in the <7+ polar- 
ization is identically zero. This transition is forbidden by 
the selection rule arising from the conservation of total 
angular momentum by the operator L+, since our cal- 
culations show that the total angular momentum of the 
initial state differs from that of the available final state 
(a single spin- J, electron). 



In the cr_ polarization, there is a significant transition 
rate for all values of the model parameters. In the final 
state there are two spin- J. electrons and a single spin-hole, 
appearing as a result of the recombination of one spin-f 
electron with the hole. The groundstate of this three- 
body system is a small charged spin-texture, in which 
all three particles are bound closely together ]5^ , p0| , p2[ . 
To higher energy there is a continuum of excited states, 
representing the unbound motion of a spin-wave in the 
presence of the additional electron. It appears from our 
numerical calculations, and from an analytic treatment 
of particles with hard-core repulsion p^] , that there is 
only one bound state, so the final-state energy spectrum 
consists of the charged spin-texture state and the spin- 
wave continuum, separated by a single energy gap. This 
energy determines the threshold value of the Zeeman en- 
ergy below which the first spin-texture becomes lower in 
energy than the spin-polarized quasiparticle [ po[ . 

The recombination spectrum, calculated numerically 
for the parameter-values appropriate to the experiments 
of Ref. Q, is shown in Fig. g. The main peak contains 
88% of the total intensity, and is due to the recombina- 
tion into the groundstate: the charged spin-texture. The 
remaining 12% is into the unbound spin- wave states. The 
finite size of our system causes this part of the spectrum 
to be discrete. In the limit of infinite systems sizes, this 
will become continuous and only the gap separating the 
spin- wave continuum from the charged spin-texture com- 
plex will remain. We therefore find that the recombina- 
tion spectrum in this polarization provides a direct mea- 
surement of the formation energy of the smallest charged 
spin-texture. The observation of such structure in pho- 
toluminescence would be of great interest. 
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FIG. 6. o — recombination spectrum of the nega- 
tively-charged complex, calculated for a sphere with 51 sin- 
gle-particle states in the lowest Landau level and with the 
parameter-values TiiOh/(e 2 /4neeo£) = 0.15, d/l = 6/13. The 
recombination energy is measured in units of e 2 /47reeo^ rela- 
tive to that of the P = exciton recombination. 

The relative intensities in the charged-spin texture 
peak and the spin- wave continuum vary with the param- 
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eters rrih and d. If the hole is restricted to states in the 
lowest Landau level (mh = 0), it is found that recom- 
bination occurs almost exclusivel y in to the charged-spin 
texture peak for all values of d ||26|] (provided d is not 
so large that the total angular momentum of the initial 
groundstate changes). In that case, there is vanishingly 
small intensity in the spin- wave continuum, so the energy 
gap is not pronounced. It is only when one introduces a 
finite hole-mass that appreciable intensity is found in the 
spin-wave continuum and the gap can be observed. 

Despite the fact that our model predicts this 
negatively-charged initial state to be bound for the 
parameter-values appropriate for the sample used in 
Ref. jfjl, there is no feature in the observed spectra 
[Fig. lp))] which is clearly associated with the recom- 
bination of such a state. It is possible that such recombi- 
nation is masked by the low-energy tail of the exciton re- 
combination but is responsible for the shoulder observed 
in the cr_ spectrum of Fig. 0(b). It is also possible that 
the negatively-charged state is not bound in practice, due 
to factors left out of the above calculation of the bind- 
ing energy. One can expect a reduction in the binding 
energy of this state due to the finite thicknesses of the 
subband wavefunctions, Landau level mixing for the elec- 
trons, and the screening due to spin-depolarization (e.g. 
the binding of the exciton to the quasiparticle is likely to 
be reduced if the Zeeman energy is sufficiently small that 
the lowest-energy quasiparticle is a charged spin-texture) . 
The negatively-charged state will be most stable in sam- 
ples with small values ofd/£, for which the binding energy 
we calculate is large, and with high-densities, such that 
v = 1 occurs at larger magnetic field and Landau level- 
mixing and spin-depolarization effects are less important. 



V. SUMMARY 



We have studied a model for the low-temperature pho- 
toluminescence of high-mobility quantum wells in the 
vicinity of the v = 1 quantum Hall state. Within this 
model, we discussed the polarization-resolved photolu- 
minescence spectra, taking account of a separation d be- 
tween the planes in which the electrons and hole move, 
and Landau level coupling for the valence-band hole de- 
scribed by a finite effective mass m,h- 

The low-energy states at v = 1 are "excitonic states" 
if the electron Zeeman energy Z is large, or even for van- 
ishing Z if d is not too large (d < 1.3£). These are states 
in which the spin-]" lowest Landau level is filled, and the 
valence-band hole binds with a single spin-], electron to 
form an exciton. The radiative recombination processes 
of these states are quite different for the two polariza- 
tion channels. In the cr+ polarization, the valence-band 
hole recombines with the spin- J. electron to which it is 
bound to leave the v = 1 groundstate: the resulting re- 
combination line is narrow (limited only by disorder). In 
the cr_ polarization, the valence-band hole recombines 



with one of the spin-] electrons, and a spin-wave excita- 
tion is left in the final state. The shake-up of spin-waves 
causes the recombination line in this polarization to be 
broadened to low energy. We argue that the observations 
of Ref. |l^] demonstrate the recombination of excitonic 
states. The long-range disorder arising from the remote 
ionized donors leads to strong scattering of the excitonic 
states. A simple model for the recombination of the exci- 
ton in this disordered potential leads to line shapes that 
compare favourably with the experimental observations. 



We addressed the behaviour at filling fractions slightly 
away from v = 1, by considering the photolumincs- 
cence of a system containing a single additional positive 
(y < 1), or negative (y > 1) quasiparticle. We compared 
the energies of the excitonic states with other "charged" 
initial states that can form in these cases. For v < 1, 
we showed that, as a result of Landau level mixing for 
the electrons, the excitonic state is the groundstate for 
small d; for large d, a "free-hole state" is lower in energy. 
The observation of peak B in the experimental spectra 
reported in Ref. |l9[ ] is consistent with a metastable pop- 
ulation of the free-hole state; further experiments are re- 
quired to justify this assignment. For v > 1, a negatively- 
charged state, in which the valence-band hole binds with 
two spin-] electrons, is lower in energy than the excitonic 
state. The recombination spectrum of this state in the tr_ 
polarization contains information directly related to the 
formation energy of the smallest charged spin-texture of 
this system. No clear evidence for this negatively-charged 
state is observed in the present experiments. This state 
will be more stable and its recombination may be more 
clearly observable in higher-density samples with small 
values of djt. 



Finally, we note that similar considerations can be ap- 
plied to photoluminesccncc close to higher integer fill- 
ing fractions v = i. Many of the qualitative features 
of our model at v = 1 appear also at these filling frac- 
tions. In particular, in the strong-field limit, there are 
low-energy initial states similar to the excitonic, and 
positively- and negatively-charged initial states described 
above, but with the electrons forming the excitonic and 
negatively-charged complexes now lying in a high Lan- 
dau level. Discontinuities similar to those discussed in 



Sec. IV A can arise as the filling fraction is swept from 



i> > i to is < i, as a result of a change in the ground- 
state from an excitonic (or negatively-charged) state to 
a positively-charged state. Although we have not calcu- 
lated detailed spectra in these cases, it is clear that the 
recombination of excitonic initial states will again lead 
to asymmetric line shapes, due either to the shake-up 
of spin- waves at odd filling fractions v = 2n + 1, or to 
the shake-up of magnetoplasmons and magnetoplasmons 
combined with spin-flips at all integer filling fractions 
v = i > 1. 
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APPENDIX A: EXCITON STATES IN STRONG MAGNETIC FIELD 



1. Free Exciton States 



We study a Hamiltonian of the form 



u = ( Pe + eA e f + (p h eA h ) 2 + ^ ^ 



2m e 



2m h 



(Al) 



where the subscripts e and h refer to the electron and hole co-ordinates, and we will choose to work in the symmetric 
gauge, A(r) — B x r/2. This two-body problem was greatly simplified by Gorkov and Dzyaloshinskii E3] who showed 
that the energy eigenstates may be classified by the eigenvalues of a conserved momentum 



P = p e +p h - -B x (r e - r h ). 



(A2) 



Replacing this operator by its eigenvalue, one finds that the energy eigenstates are determined by a one-body 
Schrodinger equation for the relative co-ordinate r = r e — rh with the Hamiltonian 



Hp = V 2 H -r x V H r 2 + V eh (r) H 1 (P x z).r, 



(A3) 



where M = m e + rtih, fJ- = m e m h/(m e + rrih), and 7 = (rrih — m e )/(m e + m^). As a result of these transformations, 
the overall eigenfunctions of Eq.(Al) take the form 



,iP.(r e +r h )/2H ir e xr fe /2£ 2 -iyP.(r c -r h )/2h 



rh) 



(A4) 



r 



where ipp(r) is the solution of Eq.(A3), and the state is 
normalized to an area Q. 

The eigenstates of this Hamiltonian were discussed by 
Lerner and Lozovik [fj2f in the limit m e , rrih — * in which 
Landau level mixing for both the electron and hole may 
be neglected. We do not follow this approach, as we 
are interested in cases for which the hole mass is finite. 
Rather, we will study the limit m e — * 0, rrih — finite, in 
which there is no Landau level mixing for the electron, 
but there may be for the hole. 

We begin by finding the eigenstates of (A3) for P = 0. 
Initially we neglect the electron-hole interaction, and 
solve for the eigenstates of the kinetic energy operator. 
These are the same as the symmetric gauge Landau level 
states I n, m) characterized by the Landau level index n 
and angular momentum m. The energies are K2] 



E n ,m = hv e [to + (|m| - m)/2 + 1/2] + 
huj h [n + (|m| + m)/2 + 1/2] , 



(A5) 



where u) e ,h = eB/m e ^h- The state |n,m) is there- 
fore a state in which the electron has a Landau level 



index n e = to + {\fn\ — m)/2 and the hole an index 
n/j = to + (|m| + m)/2. We now introduce the electron- 
hole interaction. The approximation that we make is 
that the cyclotron energy of the electron, huj e , is large 
compared to the interaction energy, such that coupling 
between states with different n e may be neglected. In 
particular, for this work we focus on the states \n = 0, m) 
in which the electron is in the lowest Landau level and the 
hole is in the m th Landau level. Within this approxima- 
tion, the states |n = 0, m) are eigenstates of the electron- 
hole interaction, V eh (r), since this potential conserves 
the angular momentum m. The energies of these states 
are found from the expectation value of the interaction 



0) - ^?uv e + hLu h (m + 1/2) + V£ 

eh — 



(A6) 



where we have defined V^ 1 = (0, m|y e, *|0, to). These are 
the energies of the P = exciton states for which the 
electron is in the lowest Landau level. We will concen- 
trate on the lowest-energy state, to = 0, for which the 
binding energy is —Vq 11 . This binding energy may be 
calculated exactly for the interaction 
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V etl {r) 



iiree ^/|r| 2 +d 2 ' 



(A7) 



which represents electrons and holes moving in planes 
separated by d. We find Q 

,,2 



v eh — 



^/2e d ^ 2e2 evic(d/V2£ 



(A8) 



4:Tree £ 

As d/£ this expression recovers the binding energy of 
the exciton calculated by Lerner and Lozovik Jl2| for the 
case in which the electron and hole move in a single plane. 
Note that both the wavefunction of the zero-momentum 
exciton state and the above binding energy are indepen- 
dent of the value of the hole effective mass. 

The effective mass of each of these exciton states may 
be found exactly by treating the momentum-dependent 



terms in dAq) within a perturbation expansion. We con- 
centrate only on the lowest-energy exciton state n = 
0, m — 0. To second order in the momentum, the change 
in energy is 



A£o,o(P) = Q 



» \(0,m\r\0,0).Px z\ 2 



2m h 



TlLJh 



eh 



yeh 



(A9) 



In the last line we have set M — m^, since our analysis 
is strictly correct only in the limit m e — > 0. The effective 
mass of the exciton is therefore 



M x = m h 



= m h 



1 



£2 yeh _ 

Airee h 2 
e 2 £ 



yeh 



J exp (d 2 /2£ 2 ){l + d 2 /£ 2 )erfc(d/V2£) - d/2£ 



(A10) 



The first-order corrections to the internal wavefunction, lead to the overall wavefunction of the exciton groundstate 
(h = £=l) 



^p{r ei r h ) 



1 



V2ttU 



_ e iP.r he irey.r h .z/2 e -{r c -r h y /A 



1 



1 



2(1 + A) 



(iP-zx P).(r e -r h ) 



_ e iP.[r- c +(l+2A)r h ]/(2+2A) e ir c xr h /2 e -[r e -r h -r P /(l+A)] 2 /4 



(All) 



where rp = z x P£ 2 /h, and we have set m e = 0. The 
parameter A is defined to be 



A = (Vf l - V eh )/huj h , 



(A12) 



which is a measure of the extent of Landau level mixing 
for the hole. 

The above perturbative results for the dispersion rela- 
tion and wavefunctions are accurate for \P\ <C (l + X)h/£. 



In the last line of Eq.(All) we have introduced exponen- 
tial functions which reproduce the first-order corrections 
in the momentum. These are chosen such that the ex- 
pression correctly reproduces the exact wavefunction in 
the limit of no Landau level coupling f42| , A — > 0, and 
much Landau level coupling, A — > oo, for the hole. 

In the limit of no Landau level mixing for the hole, 
A — > 0, the exciton effective mass is due only to the in- 
teraction, and we can recover the mass derived by Lerner 
and Lozovik for an electron and hole moving in the same 
plane and neglecting all Landau level coupling by setting 
d = 0: M x = y*%hr('iTree Q h 2 )/(e 2 £). In this limit, the 
above expressions for the binding energy, effective mass 
and wavefunction of the exciton also describe the prop- 
erties of spin-waves at v = 1 when Landau level mixing 
is neglected |3^,[l(| . In this case, the electron of the ex- 
citon represents a spin-| electron in the lowest Landau 



level, and the hole a missing spin-| electron in an other- 
wise filled band of spin-f electrons in the lowest Landau 
level. The binding energy of the exciton determines the 
spin-wave bandwidth, and the inverse effective mass of 
the exciton gives the spin-stiffness. 



2. Exciton states in a smooth external potential 

In this section we show how one may obtain an effec- 
tive dynamics for the motion of the exciton in an exter- 
nal potential that is sufficiently weak and long-ranged. 
Our procedure is analogous to the Born-Oppenheimer 
approximation in the theory of molecular dynamics. In 
that simplification arises due to the separation 

of timescales between the fast electronic motion and the 
slow atomic motion. In the present case, the relative mo- 
tion of the electron-hole pair is treated as "fast" , and the 
centre-of-mass motion of the exciton is assumed to be 
much slower. 

To be specific, we introduce the potentials V e (r e ) and 
V h {rh) in the Hamiltonian (A3). The momentum P 
is no longer conserved. However, within the spirit of 
the Born-Oppenheimer approximation, we imagine that 
the slow co-ordinates, the centre-of-mass momentum P 
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and position R = (m e r e + THhT%)l{jn e + rrih) (which 
are canonically conjugate), are stationary, and solve for 
the groundstate of the internal motion. The resulting 
energy function serves as an effective Hamiltonian for 
the centre-of-mass motion. This procedure is appropri- 



ate provided the energy separation between the resulting 
centre-of-mass states is much smaller than the energy 
spacing between the internal states of the exciton. 

To simplify this procedure, we expand the external po- 
tentials to first order in the relative co-ordinate 



V e (r e ) + V h (r h ) = V e (R) + V h (R) + r. [ Vh VV e {R) - Ve VV h (R)] 



(A13) 



where r) e ^ = m ei h/(m e + m,h), and it is to be understood that the gradient operators apply in the plane of motion. 
This approximation requires the potentials to be smooth on the lengthscale of the exciton size, I. Since the potentials 
now couple to the internal motion through a term proportional to r, we can calculate the sec ond- order energy shift 
using the same perturbative approach we used above. Combining this with the kinetic energy (AG) we obtain 



AE ,o 



2M X 



V e {R) + V h (R) 



1 ei 

1 + A~?T 



.(%W 6 - 77eW' 1 ) X Z 



A e \vhW e - rj e VV h \ 



1 + A 2 



yeh 



yeh 



(A14) 



where the effec tive m ass Mj is that defined in (A1C) and 



A is defined in (A12). It is to be understood that the term 
that is linear in momentum should be symmetrized with 
respect to momentum and position operators, such that 
the Hamiltonian is Hermitian. 

This expression represents the effective Hamiltonian 
for the centre-of-mass motion of the exciton. The ap- 
proximations used to derive this were (1) the centre-of- 
mass motion is "slow" compared to the internal motion, 
and (2) the external potentials are smooth on the scale 
of the magnetic length. 



APPENDIX B: CALCULATION OF THE 
DISORDER-DOMINATED SPECTRAL LINE 
SHAPE 

In this appendix we provide some details of the steps 
required to calculate line shapes for the exciton re- 
combination (in both polarizations) in the presence of 
long -rang e disorder, within the simple model outlined in 
Sec. |lIIE| . This model averages over the recombination 
spectra of exciton groundstates in all potential minimum 
of V x (r), expanding the potential in the vicinity of each 
minimum to harmonic order and assigning equal weight 
to each (harmonic-oscillator) groundstate. One therefore 
must know (1) the spectrum of radiation emitted from 
the groundstate in a given potential minimum (charac- 
terized by the potential and its two principal curvatures), 
and (2) the distribution of these minima for the form of 
disorder in which we are interested. 

We begin by calculating the recombination spectra 
for the exciton groundstate in a potential minimum de- 
scribed by 



V(r) = V + 



+ \v mV 2 , 



(Bl) 



2 2 

where £ and r) are the distances from the centre of the 
minimum along the principal axes (for convenience of 



notation, in this section we omit the X superscript on 
the exciton potential energy) . The potential minimum is 
characterized by the three parameters {V, V^, V nn \- For 
an exciton with a parabolic dispersion, the Hamiltonian 
factorizes into two 1-D simple harmonic oscillators and 
the spectrum and wavefunctions may be easily found. 
The groundstate energy is 



V 



where Mj is the exciton effective mass. The groundstate 
wavefunction is the product of two gaussian functions of 
£ and rj. 

In the cr_|_ polarization, radiative recombination of the 
exciton leaves a single final state (the v = 1 ground- 
state). The spectrum of recombination for the exciton 
groundstate in the potential minimum with {V, V^, V^} 
is therefore simply 



I+(E; V, Vx, V m ) = S[E - E (V, V m % 



(B3) 



where the energy E of the emitted radiation is measured 
relative to the recombination of the free P = exciton 
in this polarization. 

In the er_ polarization, the exciton annihilates to leave 
a spin-wave in the final state. Due to the finite spa- 
tial extent of the initial exciton state, the final spin- wave 
state is a superposition of many momentum components 
and therefore of many energy eigenstates (since the spin- 
waves do not feel the disorder potential they behave as 
free particles) . The transition therefore has a finite width 
in energy, of approximately h 2 /MswR 2 where R is a 
measure of the spatial extent of the groundstate wave- 
function and Msw is the spin-wave effective mass. In 
detail, the spectrum for recombination of the exciton 
groundstate \tp(V, V^, V m )) is 
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/_(£; V, V„„) = £ |sw<P|i-|^)| 2 «[B - (^o - P 2 /2M SW )} 
p 

= Y,\{PW 2 5[E - (E - P 2 /2M SW )], 



(B4) 
(B5) 



where we have made use of the matrix element (|]) to relate I -(E) to the momentum distribution of the exciton 
wavefunction, (P\tp). Again, the emission energy is measured relative to that of a free P = exciton in this 
polarization. Using the explicit form of the groundstate harmonic oscillator wavefunction, this line shape is found to 
be 



t <t? vv v \ 2M sw/M x 

J_ (E; V, V a , V m ) = exp 



(E-E )^(E^ 



M 



x 



E rm) 



x I Q 



(E-E Q )^(E^ 



M 



x 



e(E - e), 

(B6) 



where En = Tiy/Vu/Mx for i = {£,77}, Eq is the energy (B2), Iq is an imaginary Bessel function, and Q(z) is the 
Heaviside step function. 

We now know the line shapes ( B^. B£ ) for the two polarizations of the emission from the groundstate in the potential 
minimum {V, V^, V^}. To compute the overall spectrum, it is also necessary to know the relative densities of minima 
with the characteristics {V, V^, V, vl }. We will call this distribution P m i n (V, V^, V^). For typical statistical forms of 
the disorder potential, there will be correlations between the variables V, and (potential minima with small 
values of V are likely to have large positive curvatures etc.). Remarkably, however, P m in can be calculated exactly, 
including all such correlations, for disorder potentials that are Gaussian-correlated. We will now outline the steps 
leading to this result, following the approach of Refs. |50|]55| 1 where a similar issue is discussed. 

We begin with some general definitions that do not depend on the form of the disorder. We denote the joint 
probability distribution (at any point in the sample) of V and all of its first and second derivatives with respect 
to some fixed axes {x, y} by P(V,V x ,V y7 V +7 V-,V xy ), where V± = (V xx ± V yy )/2. The disorder is assumed to be 
homogeneous, such that this function is independent of position. The density of stationary points at which V x — V,, = 
and for which the potential and curvatures are {V, V+,V-, V xy } may be expressed in terms of this distribution |55|| 



P stat (V, V+,V-,V xy ) = (vl - v_ - vl y ) P(V, 0, 0, v+, v., V xy ). 



(B7) 



For our purposes it is more convenient to work in terms of the principal curvatures {Vj£, V nri }, which for a stationary 
point with curvatures {V+, V—, V xy } are 



Vnn =V+- y/v^+Wy, 



(B8) 
(B9) 



with > Vqr! chosen. One can convert the distribution (B7) into the distribution of stationary points at which 
the potential and principal curvatures are {V, V^, V vv }. 
which both curvatures are positive, we then find 



Noting that potential minima are those stationary points for 



P min (V,V a ,V m ) cc e(%)9 (!/„„) / dV+ / dV- / dV xy (Vf -Vi- V x 2 y ) P(V,0,0,V+,V-,V xy ) 



:6 -V+- yjvl + V x %) 5 (y m -V+ + ^/v^+Wy) 



(BIO) 



To proceed further, we must determine the function P(V,V x ,V y ,V + ,V-,V xy ), which contains all of the relevant 
information on the disordered potential. At this point we specialize the discussion to disorder potentials which are 
Gaussian random functions with zero mean (we choose the zero of energy such that the average disorder potential 
vanishes). In this case, the explicit form of the distribution P(V, V x , V y , V+,V-, V xy ) may be easily found. It depends 
only on the averages of all pairwise products of its variables. The correlations of the gradients V x and V y with all 
other variables vanish, as do the correlations of V- and V xy for spatially isotropic disorder (which we now assume). 
One finds plpl 



P(y,0,0,y +i y_,^ y )ocexp 



Vf V 2 + V 2 Vf- 2VV+ VV+ 



2(V 2 V 2 



VV+ 



exp 



VI 



V 2 
2V 2 



(Bll) 
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where the bars denote disorder averages. For the disorder potential arising from the ionized donors located a distance 
s from the quantum well and with density correlations described by (|14|), these coefficients are 



V 2 
V 2 



VV+ = 



V 2 = V 2 

y — r xy 



\87T€€qS 

8 s 4 ' 
As 2 ' 

l ^v~ 2 

16 s 4 ' 



2im*d 



* j2 



(B12) 

(B13) 
(B14) 
(B15) 



where an effective density n* is used to take account of donor correlations |44j, as discussed in Sec. HIE. For 



the distribution P described by Eqs.( Bll )-( B15 ), the integrals of Eq.( BlO ) may be performed to obtain our final 
expression for the distribution of minima of the disorder potential in which we are interested 



Pmin{V,V^V m ) cx G(%)9(y w )A_(A2 - Ai)exp 



15V 2 



8s 4 A 2 . 



12s 2 VA^ 



8s 4 A 2 



21V 2 



(B16) 



which we have simplified by definin g A± = (y^±V m )/2. As emphasized in Ref. [ p0| ], with a suitable rescaling of energy 
and lengthscale, the distribution (Bll) depends on the spatial correlations of the disorder only through the dimen- 

sionless parameter a = V 2 y V 2 /V 2 (= 5/3 for the form of disorder we study); this is also true for P m i n (V, V^,V m ). 
The spectra arising from the recombination of an exciton in a potential minimum characterized by {V, V^, V w } 



(B3,B6) may be combined with the above distribution for such minima (B16) to obtain the spectral line shapes within 
our model 

I±(E) = [ dV [ dV ee [ dV m P min (V, V ee , V m ) I ± (E; V, V ee , V m ). (B17) 



This equation simply expresses the assumption that re- 
combination occurs with equal probability from exci- 
ton groundstates in all potential minima. We have not 
been able to find closed form expressions for the inte- 
grals (B17), and have therefore calculated the line shapes 
numerically, discretizing the three-dimensional integral 
by a lattice with 10 6 points. The results are shown in 
Fig. U for the parameter-values appropriate to the con- 
ditions under which Fig. |l](b) was measured. We will 
now briefly discuss the form of the recombination in each 
polarization. 

In the <7 + polarization, the line shape depends on a sin- 
gle dimensionless parameter: the ratio of the typical exci- 
ton kinetic energy to the typical potential energy fluctu- 



For the parameter-values 



ation, a = (h /M^ 
we use to compare with experiment this ratio is rather 
small, a = 0.25. If a were to be zero, there would be 
no kinetic energy contribution to the exciton energy, and 
the spectrum would simply measure the heights of the 
minima of the potential. In this limit our model for the 
line shape in this polarization reduces to that proposed 
in Ref. |5^] for empty quantum wells (with a = 5/3, as 
is appropriate for the form of disorder we consider). For 
non-zero a, the energies of all states are increased due to 
the non-zero kinetic energy of the exciton, by an amount 
that differs for potential minima with differing principal 
curvatures. Strictly speaking, consistency of our model 



requires that the kinetic energy of the exciton should 
always be small compared to the typical potential fluc- 
tuation such that the harmonic approximation is valid; 
this is equivalent to the requirement that a be small. 

In the <7_ polarization, the line shape depends both 
on a and on a second dimensionless parameter, (3 = 
Mx/Msw, which is a measure of the spin- wave stiffness. 
For [3 = 0, the spin-wave kinetic energy is negligible, 
and the recombination spectrum of each exciton state is 
a sharp line at the initial exciton energy; the line shape 
in this polarization becomes identical to that in the (re- 
polarization. For non-zero f3 each exciton transition is 
broadened to low energy due to the shake-up of high- 
momentum, and hence high-energy, spin waves. The ex- 
tent of this broadening depends on the size of the initial 
exciton wavefunction and therefore on the principal cur- 
vatures of the potential minimum. For the parameters- 
values we use for experimental comparisons (3 — 6.2 is 
large and this broadening is significant. 



APPENDIX C: CORRECTION TO THE 
EXCITONIC BINDING ENERGY DUE TO 
LANDAU LEVEL MIXING FOR THE 
ELECTRONS 

To determine the lowest-order corrections to the bind- 
ing energy of the excitonic state, we explicitly calculate 
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the changes in energy of (1) a zero momentum exciton 
formed from a spin-| electron and a valence-band hole, 
(2) a single spin- J. electron, and (3) a single valence-band 
hole, each in the presence of the filled Landau level of 
spin-| electrons, and (4) the filled Landau level itself. In 
this section, we find it convenient to work in the Lan- 
dau gauge A(r) — Bxy, for which the single particle 
states for electrons and holes, (r e \nk) and (nk\rh), are 
described by the Landau level index n and a wavevector 
k. In the absence of Landau level mixing, the wavefunc- 
tions of each of the above states are 







(Cl) 






(C2) 




= hl\o), 


(C3) 


$0 


= |0), 


(C4) 



where e k and h k create electrons and holes in the lowest 
Landau level states with momentum fc, and N = n$Q, is 
the number of single particle states in this Landau level. 
Note that these energy eigenstates are independent of all 



model parameters (d, rrih)- This is of course true for the 
cases of the 3>o, ^>e and <S>h, and is shown in appendix |X| 
for the zero-momentum exciton state. 

The lowest-order corrections to the energy of the states 
$ Q (a = 0, e, h, X) is 



AE n 



E 



Ef - E a 



(C5) 



where are a complete set of energy eigenstates 

and eigenvalues the full Hamiltonian, H, which includes 
the kinetic energy of electrons and holes and all interac- 
tions V — V ee + V . The only non-zero matrix elements 
involve states in which at least one electron has a non- 
zero Landau level index, so to obtain the energy shift that 
is correct to order V 2 /T%u> e , it is sufficient to retain only 
the kinetic energy contribution to the energies Ef and 
E a . 

By explicit summation over all final states we obtain 
expressions for the changes in the exciton, electron and 
hole energies relative to that of the filled Landau level, 
AE a — AEq, in terms of the matrix elements of the 
electron-electron and electron- hole interactions, 



V. 



ni fci ,ri2 ^2 ,^3^3 ,714^4 



yeh 

Tl\ k\ ,712^2 ,^3^3 ,n4&4 



d 2 rd 2 r'(n 1 k 1 \r)(n 2 k 2 \r')V ee {r - r^^n^^^n^) 
d 2 rd 2 r' {n 1 k 1 \r){r'\n 2 k 2 )V eh {r - r'){r\n A k A ){n z k^\r') 



(C6) 
(C7) 



Making use of the invariance of these coefficients under a uniform displacement of all momenta, the change in the 
binding energy of the exciton 



AB X = -{AE X - AE ) + (AE e + AE h - 2AE Q ), 



(C8) 



is found to be 
AB X = 



E 



v n e k e ,n h k h ,00,00 V n e {k e +k) ,n h (k h ,00,00 

n e Tiuje + n h hu) h 



E 



ihu), 



■23? [l^l ofci ,oo,ofc 2 ^nfc.ofci ,oo,ofc 2 



(C9) 



The first term is the increase in binding energy of the exciton in the absence of the filled Landau level. The second 
term is a reduction in the binding energy (since V ee and V eh have opposite signs); this may be viewed as the screening 
of the electron-hole interaction by this filled Landau level. Depending on the balance of the two terms, the overall 
binding energy of the exciton can either increase or decrease. 



Calculating the matrix elements for Coulomb interactions between the electrons and for the force-law (A7) between 
the electron and hole and performing the sums over momenta, we find 



AB X = 



V [l 2n (d/£)f 
^ 2 2n n{nl) 2 



n#0 



(e 2 /4nee l) 2 

h(uj e + u> h ) 
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(e 2 /47ree £Y 
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where we have defined a function 



1 m {z) 



q m e- q2/2 e- qz dq. 



(Cll) 



For the case d = 0, the numerical summation of the first term has previously been presented in the context of the 
two-dimensional exciton in an empty quantum well [ |56| , and the second term may be summed exactly p7[ . The result 
is 
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AB^(d = 0) = +0.4401014 9 ;- (e2/Wr 



2 h(u 



■UK 



7T~ 

12 



(ln2) 2 



Tko e 



For the case of non-zero d, used in Sec. IV A, we have computed the sums numerically. 
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